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As the three-dimensional analogs of graphene, Weyl semimetals display signatures of chiral
anomaly which arises from charge pumping between the lowest chiral Landau levels of the Weyl
nodes in the presence of parallel electric and magnetic fields. In this work, we study the pseudo chi-
ral anomaly and its transport signatures in graphene ribbon with zigzag edges. Here “pseudo” refers
to the case where the inverse of width of zigzag graphene ribbon plays the same role as magnetic field
in three-dimensional Weyl semimetals. The valley chiral bands in zigzag graphene ribbons can be
introduced by edge potentials, giving rise to the nonconservation of chiral current, i.e., pseudo chiral
anomaly, in the presence of a longitudinal electric field. Further numerical results reveal that pseudo
magnetoconductivity of zigzag graphene ribbons is positive and has a nearly quadratic dependence
on the pseudofield, which is regarded as the transport signature of pseudo chiral anomaly.
I. INTRODUCTION
Graphene, a celebrated semimetal with nearly vanish-
ing band gaps, holds massless Dirac fermions in two di-
mensions (2D) [1, 2]. The Dirac fermions in graphene
behave in unusual ways leading to remarkable transport
properties such as anomalous integer quantum Hall effect
[2–5], minimum conductivity [6–8], and Klein tunneling
[9, 10]. As analogs of graphene in 3D, topological Dirac
and Weyl semimetals have attracted intense research in-
terest over the past years [11, 12]. The unique topologi-
cal nature of Dirac and Weyl semimetals indicates novel
properties such as Fermi arc states on their surface [13–
15]. Also the chiral anomaly, a well-known phenomenon
in quantum field theory [16], may show its existence in
topological Dirac and Weyl semimetals through charac-
teristic transport properties such as chiral magnetic effect
and negative magnetoresistance [17–21].
Graphene shares several characters with Weyl
semimetals. First, the lower-energy physics near the
graphene nodes (band touching points K and K ′) and
Weyl nodes in Weyl semimetals are governed by Weyl
equation. The graphene nodes, which are dubbed Dirac
points, nevertheless, are actually described by Weyl
Hamiltonian in 2D [22]. Second, topological invariants
can be defined from the Weyl nodes as well as graphene
nodes. For Weyl semimetals, the integration of Berry
curvature on a simple closed surface enclosing a Weyl
node gives the topological charge (magnetic monopole
charge) that works as a topological invariant. Simi-
larly, the graphene nodes give rise to a topological charge
N1 =
1
4piiTr[Sˆ
u
d`H−1∂`H] [23] where Sˆ is the chiral
(sublattice) symmetry operator and H is the effective
Hamiltonian of graphene nodes. In addition, the Weyl
nodes, as well as graphene nodes, come in pairs with
opposite topological charges in the whole Brillouin zone
according to the no-go theorem [24, 25]. Third, there are
surface states connecting two nodes with opposite topo-
logical charges both in graphene and Weyl semimetals.
The Fermi arcs surface states in Weyl semimetals are
associated with a well-defined Chern number [11], and
the surface (edge) states in graphene ribbons with zigzag
edges correspond to winding numbers [26].
The similarities between graphene and Weyl semimet-
als naturally lead to a question: Is it possible to re-
veal some properties of Weyl semimetals, such as chi-
ral anomaly and its related transport signatures, on
graphene basis? The chiral anomaly, also called Adler–
Bell–Jackiw anomaly, is a quantum anomaly which states
the violation of chiral symmetry of a classical action in
the corresponding quantized theory [16, 27, 28]. The chi-
ral anomaly in Weyl semimetals is readily understood in
terms of Landau levels in a crystal [29], and it promises
novel transport properties including the negative magne-
toresistance [29–31] and chiral magnetic effect [32, 33].
Generally, chiral anomaly only exists in (1 + 1)D and
(3 + 1)D [16], and it should be absent in graphene.
Whereas the graphene ribbons, synthesized with atom-
ical precision [34, 35], serve as quasi-1D systems. Be-
sides endowed with many interesting properties and ap-
plications [37, 38], graphene ribbons are even designed
to mimic topological quantum phases in 1D [39, 40]. In-
deed, the spectrum of graphene ribbon with zigzag edges
closely resembles the Landau level of Weyl semimetals in
the presence of a magnetic field (consider the dispersive
direction) [11, 41]. Thereby the answer to the aforemen-
tioned question may be affirmative [42].
In the following, we extend the chiral anomaly to
graphene ribbon with zigzag edges in a phenomenolog-
ical way, and investigate its transport related signatures
numerically. To this end, we first revisit the topologi-
cal nature of surface states in zigzag graphene ribbons
in terms of Su-Schriffer-Heeger (SSH) model, then in-
troduce truly chiral bands by confining zigzag graphene
ribbons with edge potentials. Further application of an
external electric field parallel to the ribbon drives the
chiral bands with opposite chirality to give rise to chiral
anomaly. This pseudo chiral anomaly in graphene lead to
the finite-size conductivity bearing a positive dependence
on effective magnetic field B ≡ 1/W with W the width
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2of ribbon. With the help of numerical calculations, we
show that the pseudo magnetoconductivity indeed has a
nearly quadratic dependence on effective magnetic field
B.
II. MODEL AND METHODS
A. Zigzag graphene ribbon as Su-Schriffer-Heeger
model
The existence of surface states in graphene is deter-
mined by the geometry of its edges [43, 44]. Typically,
the graphene ribbons with zigzag (beared) edges exhibit
localized surface states while the ribbons with armchair
edges have no such surface states. It is possible to char-
acterize surface states of graphene ribbons with differ-
ent edge structures, namely, zigzag, beared, and arm-
chair edges, even arbitrary edge geometry, topologically
[26, 45–48].
We find it is more concise and straightforward to un-
derstand the surface states by identifying the graphene
ribbon as an SSH model in the reduced 1D parameter
space. SSH model describes spinless electrons sitting in
a 1D dimer chain, and it has been extensively studied as
a prototype for associated topological properties [49–51].
In the following we make a simple connection between
the SSH model and graphene ribbons. Graphene has a
honeycomb lattice structure as shown in Fig. 1(a). The
three nearest-neighbor vectors in real space are denoted
as δ1 = a2 (
√
3, 1), δ2 =
a
2 (−
√
3, 1), δ3 = a(0,−1) with
a the carbon-carbon distance. Considering only nearest-
neighbor hopping, the tight-binding Hamiltonian for elec-
trons in graphene reads
H = t
∑
RB
3∑
`=1
C†RB+δ`CRB + h.c., (1)
where C†R(CR) creates (annihilates) an electron at site
R. Here the spin degree of freedom is suppressed and t is
the nearest-neighbor hopping energy. In the following, we
first focus our attention on graphene ribbon with zigzag
edges and then analyze ribbons with beared and arm-
chair edges. After performing partial Fourier transfor-
mation in x direction, the zigzag ribbon is reduced to 1D
fictitious chain along y direction, in which each unit cell
contains two sites. The hopping energy in and between
unit cells of the chain is different, i.e., 2t cos(
√
3akx/2)
for intracell hopping and t for intercell hopping. There-
fore, the reduced zigzag ribbon is identical to SSH model
of dimerized 1D lattice. The spectrum of graphene rib-
bons with zigzag edges obtained in this way is shown in
Fig. 1(b), in which the flat band surface states connect
K and K ′ valleys. Imposing periodic boundary condition
along y direction further, the system is described by the
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Figure 1. The surface states in graphene ribbon with zigzag
edges. (a) Scheme of graphene ribbon with zigzag edges. N is
the number of zigzag lines. Here a0 =
√
3a. (b) The spectrum
of graphene ribbon with zigzag edges. (c) The end point of
vector dˆ(k) forms unit circles as changing ky. Here ky works
as a polar angle.
Hamiltonian
hZkx(ky) = [2 cos
√
3kxa
2
+cos
3kya
2
]σx+sin
3kya
2
σy ≡ d(k)·σ,
(2)
where σ ≡(σx, σy) is the Pauli matrix vector, and d(k) =
(2 cos(
√
3kxa/2) + cos(3kya/2), sin(3kya/2)). The wave
numbers are normalized with corresponding primitive
translation vectors, and the energy is scaled by hopping
energy t. Note that the primitive lattice spacings in x and
y directions are
√
3a and 3a/2, respectively. Diagonal-
izing the Hamiltonian of Eq. 2, we obtain the spectrum
that is consistent with the very one of zigzag graphene
[48, 52]. It should be noted that Eq. 2 is exactly the
SSH Hamiltonian if we redefine dx(ky) = v + w cos ky
and dy(ky) = w sin ky with v ≡ 2 cos(kx/2) and w ≡ 1
3[50, 51]. The topology of SSH model is characterized
by the winding number defined as ν = 12pii
¸
q−1dq with
q = v + we−iky . Since ν = 1 for |v| < |w| in SSH model,
the zigzag graphene is topologically nontrivial with wave
vector kx locating in the region ( 2pi3 ,
4pi
3 ). From the bulk-
boundary correspondence, there are surface states con-
necting K and K ′ valleys, as shown in Fig. 1(b). For
the region kx ∈ (0, 2pi3 )∪ ( 4pi3 , 2pi), the winding number is
zero and no surface states are expected. We can also in-
terpret the topology of graphene ribbons in terms of the
Zak phase [53], which gives consistent results as winding
numbers.
The vector d(k) provides a more vivid way to explore
the topology of Eq. 2. The path of the end point of
vector d(k), as the wave number ky goes through the
1D Brillouin zone [0, 2pi], is a unit circle centered at
(2 cos(kx/2), 0) on the dx-dy plane, as shown in Fig. 1(c).
Increasing kx moves the unit circle left. Once the circle
cuts the origin, it gives Dirac cone. Varying the wave vec-
tor kx from 0 to 2pi, the gap of the reduced 1D system
will close at kx = 2pi/3 then reopen, and similar pro-
cess happens again around kx = 4pi/3. This gap close-
reopen process may indicate topological phase transition.
Whether or not the system is topologically nontrivial is
determined by the origin is enclosed by the unit circle
or not. Similar analysis can also be applied to graphene
ribbon with beared and armchair edges. For example,
the reduced Hamiltonian for the beared edge case is
hBkx(ky) = [1+2 cos(kx/2) cos ky]σx+2 cos(kx/2) sin kyσy.
Following the same argument, there are flat band sur-
face states in the region kx ∈ (0, 2pi3 ) ∪ ( 4pi3 , 2pi). For the
ribbons with armchair edges, there are no such surface
states.
B. Constructing valley chiral bands by edge
potentials
We demonstrated in the previous section that the sur-
face states in the zigzag graphene ribbons can be inter-
preted by SSH model.In this section we show how to con-
struct genuinely chiral bands using these surface states in
order to realize pseudo chiral anomaly in graphene ribbon
with zigzag edges.
The wave functions of surface states at kx = pi with
energy E = 0 are entirely localized at the edges of the
ribbon. Applying edge potentials Uedge at the outmost
sites of two edges, intuitively, drags the surface states
to the states with energy E = Uedge [54]. Considering
the band structures as shown in Fig. 1(b), in which
the energies of all other bands coincide at E = ±1 for
kx = pi, we choose the confining edge potentials to be
Uedge = ±1. For the case of Uedge = −1, gapless chi-
ral bands, labeled as n = 0, cross the valleys, as seen
in Fig. 2(a). Focusing on the left (right) valley, modes
n = 1, 2, · · · , N lie above the n = 0 chiral band, whereas
modes n = −1,−2, · · · ,−(N − 1) lie below the n = 0
chiral band, and the gapless chiral band cross the valley
with group velocity vF = − 32 ta~ (vF = + 32 ta~ ). The two
n = 0 chiral bands should be stable, as will be shown,
since they originate from the topologically protected sur-
face states.
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Figure 2. Constructing the gapless chiral bands by introduc-
ing edge potentials. (a) The spectrum of graphene ribbon
with zigzag edges confined by edge potentials. The chiral
bands are emphasized by red lines. (b) The wave function for
kx = 2pi/3 corresponding to panel (a).
The wave numbers kx = 2pi/3 and kx = 4pi/3 are
unique points at which the system has special energy
and wave functions. For kx = 2pi/3 and kx = 4pi/3, the
Hamiltonian for the zigzag graphene ribbons confined by
the edge potentials turns out to be
hZη =

Uedge −η · · · 0 0
−η 0 . . . 0 0
...
. . . . . . . . .
...
...
... −η 0 −η
0 · · · 0 −η Uedge

(3)
under the basis (CηA1, CηB1, CηA2, CηB2, · · · , CηAN , CηBN )T .
Here η = −1 for kx = 2pi/3 and η = +1 for kx = 4pi/3,
respectively. For Uedge = −1, the eigen values of Eq. 3
read
Eη,j = 2 cos[jpi/(2N)], j = 1, 2, ..., 2N. (4)
The zero-energy modes, corresponding to the chiral
bands n = 0, always exist when j = N . By Taylor
expansion and elimination of N from the width W =
(3N/2−1)a, the mode spacing under the limit W  1 is
∆0 = 3tapi/(2W ), (5)
which is proportional to 1/W . The energy separation of
the conduction and valence bands, as shown in Fig. 2(a),
is 2∆0 now and different from 3∆0 as in Fig. 1(b) [55].
The corresponding eigenvectors for n = 0 chiral bands
are
ψη(y) =
1√
2N
(1,−η,−1, η, 1,−η, · · · )T . (6)
4It is interesting to note from Fig. 2(b) that the wave
functions of the n = 0 chiral bands are not localized at
edges but distribute equally on each site along y direction
(it is even true at kx 6= η), which is different from the case
where the bulk gap is opened [54].
III. RESULTS
A. Pseudo chiral anomaly in zigzag graphene
ribbons
The spectrum in Fig. 2(a) is very similar to that
of Weyl fermions in the presence of a strong magnetic
field [11], and it provides the possibility to realize chiral
anomaly in graphene ribbons. Crucially, the chiral bands
have definite chiralities just as the chiral Landau levels of
Weyl fermions. Suppose the temperature is at zero and
only the chiral bands are relevant, thus the system is in
the so called ‘quantum limit’ regime. Applying an exter-
nal electric field with strength E along the ribbon will
drive electrons flowing from one valley to the other. The
change rate of charge carrier density at one valley η(= ±)
in the quasi-1D system is dρηdt =
η
W
1
2pi
dkx
dt , and the mo-
mentum vector will obey the equation dkxdt =
eE
~ . There-
fore, we have dρηdt = η
e
h
E
W . Similar to chiral anomaly in
Weyl semimetals, here we can also define an equation for
divergence free current jµ5 as
∂µj
µ
5 =
∂ρ+
∂t
− ∂ρ−
∂t
=
2e
h
EB, (7)
where µ = 0, 1, ∂0 ≡ ∂t and ∂1 ≡ ∂x, and B ≡ 1/W .
Physically, Eq. 7 states nonconservation of the chiral
charge in the presence of electric field and effective mag-
netic field B. Thus, by the same mechanism that is oper-
ative in 3D Weyl semimetals [29, 56], the chiral anomaly
can be generalized to quasi-1D graphene ribbons. Com-
paring with the current conservation equation of Weyl
semimetals, B here takes the role of a magnetic field.
This analogy also makes sense in terms of physical pic-
ture of Landau levels: In graphene ribbons, the energy
band spacing ∆0 decreases with decreasing the effective
magnetic field B, i.e., ∆0 ∝ B; and likewise the Lan-
dau level separation also decreases with decreasing the
real magnetic field strength. It should be noted here we
mainly focus on the orbital effect of a magnetic field im-
posed on electrons. The difference between the effective
magnetic field B and a real magnetic field, however, lies
in several aspects: First, the effective magnetic field B
preserves time reversal symmetry; second, the unit of ef-
fective magnetic field B is not as well-defined as the real
magnetic field; third, the effective magnetic field B has
no Zeeman effect. For these reasons above, the chiral
anomaly presented here in graphene ribbons is therefore
referred to as pseudo chiral anomaly.
B. Transport signatures of the pseudo chiral
anomaly
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Figure 3. Transport of chiral bands under the effect of onsite
disorders. (a) Conductance as functions of disorder strength
U with EF = 0.01, M = 34 and N = 40. (b) Conductance as
functions of EF with M = 34 and N = 40. (c) Conductance
as functions of length M with U = 1 and N = 20. (d) The
conductivity as function of effective magnetic field square B2
with EF = 0.01, and in this plot we take N from 100 to 301.
Here 5000 disorder configurations are taken for all.
Due to the interplay of chiral magnetic effect and inter-
valley scattering, the pseudo magnetoconductivity σ(B)
should be positive and have quadratic dependence on B in
the diffusive transport regime [42, 57], which is regarded
as the signature of pseudo chiral anomaly in graphene.
In this section, we try to reveal this anomalous scaling
behavior of finite-size conductivity numerically. From
Fig. 2(a), the left valley locates at k− = 2pi/3 and the
right valley locates at k+ = 4pi/3. The rather large mo-
mentum difference ∆k = 2pi/3 between the two valleys
indicates that the transport properties depend on im-
purity ranges heavily. As mentioned above, the signa-
ture of chiral anomaly will only be revealed with inter-
valley scattering. Thereby two typical kinds of disorders,
namely, onsite disorders and Gaussian type disorders, are
considered. The onsite disorders are considered by in-
dependently adding every lattice site a potential drawn
from uniform distribution [−U/2, U/2] with U the dis-
order strength. For Gaussian type disorders uniformly
distributed in the 2D real space, the potential on a lat-
tice site with position R has the form [58]
V (R) =
∑
ri
u exp(−|R− ri|2/d2), (8)
where d is the disorder range and ri is the disorder po-
5sition. Here u is the disorder strength uniformly dis-
tributed within [−um, um] constrained by the normaliza-
tion condition∑
R∈full space
um exp(−|R|2/d2)/(
√
3/2) = u0. (9)
The Landau-Bu¨ttiker formalism provides an efficient
way to calculate the transport properties of electrons.
Here we consider a two-terminal setup with disordered
central region connected to two clean leads. With the
help of recursive Green’s function techniques, the con-
ductance of two-terminal device can be evaluated as
G =
2e2
h
Tr [ΓLG
rΓRG
a] , (10)
where ΓL,R are the line-width functions coupling to left
lead and right lead, respectively, and Gr(Ga) is the re-
tarded (advanced) Green’s function of the disordered re-
gion [59]. Note that the conductivity meets σ = G for a
square sheet [7, 60]. Here the width W = (3N/2 − 1)a
and length L =
√
3Ma with M the number of defined
unit cells in Fig. 1(a).
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Figure 4. Transport of chiral bands under the effect of Gaus-
sian type disorder. (a) Conductance as functions of EF with
M = 34 and N = 40. (b) The conductivity as function of
effective magnetic field square B2 with EF = 0.01, u0 = 1.
Here 5000 disorder configurations are taken for all.
Let us now consider the transport properties of the
n = 0 chiral bands. For a clean sample, the relevant chi-
ral bands should underlie a quantized conductance 2e2/h.
To verify the validity of chiral bands induced by edge po-
tentials, the onsite disorders are added at the outmost
sites of the two edges first. As seen in Fig. 3(a), the
quantized conductance from chiral bands persists until
edge disorder strength reaches critical strength Uc ' 2.5.
Therefore, the mechanism of confining edge potentials
still works as long as the disorder strength does not ex-
ceed the critical value Uc. While for the case where dis-
orders are on all sites, the conductance decreases quickly
as shown by blue line in Fig. 3(a). Seen from Fig. 3(b)
(also in Fig. 4(a)), the n = 0 chiral bands are more stable
than other bands: The conductance plateau from n = 0
chiral bands is nearly unchanged as increasing the disor-
der strength. The scaling behavior of conductance with
respect to sample length also shows the robustness of the
n = 0 chiral bands (see Fig. 3(c)).
For onsite disorders, the pseudo magnetoconductivity
as function of B2 with different disorder strengths is pre-
sented in Fig. 3(d): Focusing on the curve with disorder
strength U = 1, the conductivity drops from a constant
value linearly with respect to B2 as soon as the system
is in laterally diffusive regime where the width exceeds
mean free path; with appropriate disorder strength, the
pseudo magnetoconductivity has a nearly quadratic de-
pendence on effective magnetic field B and it is treated as
the transport signature of pseudo chiral anomaly. Here
the Fermi energy shifts away from zero slightly to avoid
strong fluctuations [61], and we keep the assumption that
the Fermi energy only crosses the two n = 0 chiral bands.
For Gaussian disorders, we fix the disorder strength at
u0 = 1 and vary the interacting range d. For a shorter
interacting range d, the intervalley scattering is relatively
stronger. It is shown from Fig. 4(b) that the pseudo mag-
netoconductivity shares similar behavior as in the onsite
disorder case, i.e., it shows nearly quadratic scaling be-
havior on effective magnetic field B. The mechanism for
this ‘anomalous’ scaling feature is the joint effort of finite
size confinement and chiral magnetic effect. The elec-
tron change rate is proportional to 1/W in the quasi-1D
system, then small chemical potential difference induced
from the balance between intervalley scattering and chi-
ral magnetic effect also contains a factor 1/W [42]. Thus
the current density is proportional to 1/W 2. While note
that the previous results show that the conductivity of
graphene near the charge neutral point has weak depen-
dence on size [60, 62], and it reaches at a minimal value
at order of e2/h [8, 63]. Comparison of Fig. 3(d) and
4(b) indicates that transport properties of chiral bands
exhibit little dependence on the disorder types but much
on disorder strengths.
IV. DISCUSSION
Varying the termination direction away from zigzag
case will gradually weak the pseudo chiral anomaly and
finally it disappears at armchair case. Thus we mainly
focus on zigzag type graphene ribbons, and it is mostly
relevant for experiments. One possible concern about the
analogy between graphene and Weyl semimetals is that
the stability of graphene nodes, unlike Weyl nodes, needs
to be protected by inversion symmetry [64]. Consider
staggered potentials UA = ∆ for A sites and UB = −∆
for B sites universally in the graphene lattice. At this
moment, the bulk bands are gaped with amount 2∆.
The winding number is not well-defined now due to the
existence of mass term in the bulk Dirac Hamiltonian.
However, there are still flat bands with energy E = ±∆
[46, 54]. After applying proper edge potentials, the chi-
ral bands crossing two valleys persist as in Fig. 2(a),
thereby the physics of pseudo chiral anomaly remains.
Besides, the magnetic order at zigzag edges of graphene
6ribbons may have influence on the bulk states [65]. While
the band gap opened by the magnetic order is negligi-
ble as long as the zigzag ribbons wider than 8 nanome-
ters [66], which is satisfied in our considerations, i.e.,
N = 40 ∼ 300 and W = 8.5 ∼ 64 nm. Note the strong
intervalley scattering can lead to Anderson localization.
While generally the typical size scales regarding localiza-
tion properties in 2D systems are very large, thus the 2D
electron localization mechanism may have little influence
on our quasi-1D system [67, 68].
V. CONCLUSIONS
In conclusion, we show that pseudo chiral anomaly may
exist in graphene ribbon with zigzag edges. We first show
that the zigzag graphene ribbon can be mapped to SSH
model, and then we turn the flat band surface states of
zigzag graphene ribbons to chiral bands, based on which
the pseudo chiral anomaly can be realized. This pseudo
chiral anomaly underlies anomalous scaling behavior of
pseudo magnetoconductivity on the effective magnetic
field B. Further numerical calculations on the transport
properties indicates the pseudo magnetoconductivity has
a positive and nearly quadratic dependence on B. This
finding provides graphene as an alternative platform to
explore the purely quantum chiral anomaly in solids.
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